State-to-state reactive differential cross sections for the H + H 2 → H 2 + H reaction on five different potential energy surfaces employing a new quantum wavepacket computer code: DIFFREALWAVE J. Chem. Phys. 125, 164303 (2006) The quantum wavepacket parallel computational code DIFFREALWAVE is used to calculate state-to-state integral and differential cross sections for the title reaction on the BKMP2 surface in the total energy range of 0.4-1.2 eV with D 2 initially in its ground vibrational-rotational state. The role of Coriolis couplings in the state-to-state quantum calculations is examined in detail.
I. INTRODUCTION
In state-to-state reaction dynamics, the H + D 2 system serves as an essential prototype and has attracted extensive experimental and theoretical studies over the past years. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] Most of the previous state-to-state investigations of the H +D 2 reaction have been aimed at elucidating unsolved issues, such as the fact that the calculated rotational state distribution for HD͑vЈ =3, jЈ͒ was colder than that measured experimentally especially at higher collision energies, 6, 10, 11, 13 the influence on state-to-state integral and differential cross sections of the geometric phase and nonadiabatic coupling, [16] [17] [18] etc. In contrast to this, the effect of Coriolis coupling on state-to-state reaction dynamics has received less attention, though several quantum studies have examined the reliability of the centrifugal sudden ͑CS͒ approximation, in which the Coriolis coupling is set to zero, for the calculation of more averaged quantities such as reaction probabilities and integral cross sections. 19, 20 The role of Coriolis coupling in quantum reaction dynamics has also been investigated in theoretical studies of other reactions, with the conclusion that Coriolis coupling effects in state-to-state dynamics should be significant. [21] [22] [23] [24] [25] [26] However, the extent to which the state-to-state reaction cross sections are affected by Coriolis coupling has not previously been explicitly investigated.
In state-of-the-art theory, in addition to the timeindependent quantum mechanical approaches, 27, 28 timedependent wavepacket quantum methods such as the reactant-product decoupling ͑RPD͒ method, [29] [30] [31] [32] the Chebyshev real wavepacket method, [33] [34] [35] [36] [37] [38] [39] the coordinate transformation method, 40 etc., have been developed and applied in the recent state-to-state calculations on triatomic systems. The RPD approaches [29] [30] [31] [32] introduce partitioning/absorbing potentials which decouple the Schrödinger equation. The wavepacket propagation can then be carried out separately for reactants and for products using the Jacobi coordinates appropriate for each channel. Chebyshev and split-operator propagators are the two most commonly used schemes in the RPD method. [29] [30] [31] [32] The Chebyshev real wavepacket method [33] [34] [35] [36] [37] [38] [39] usually employs product Jacobi coordinates to evolve the real part of the wavepacket with Chebyshev iterations, thus providing an efficient and convenient approach to the calculation of S ͑scattering͒ matrix elements.
The DIFFREALWAVE parallel code 37 is a newly developed time-dependent quantum method by Hankel et al. for the calculation of state-to-state reactive cross sections, and is based on the real wavepacket approach of Gray and Balint-Kurti. 36 The reliability of the new method has been tested and confirmed by comparing results obtained using it for the H + H 2 reaction 37 with those obtained using the ABC 27 and the RPD method. 32 In this article, we examine the effects of Coriolis coupling in state-to-state calculations of the H + D 2 reaction by using the DIFFREALWAVE code. The paper is organized as follows. The theoretical method is outlined in Sec. II. In Sec. III we describe the application of the method to the H + D 2 ͑v =0, j =0͒ reaction. We compare stateto-state integral and differential cross sections obtained using the full quantum calculation with the results obtained from calculations in which the Coriolis coupling was neglected. Section IV presents the conclusions of the paper.
II. THEORETICAL METHOD
All the results presented here are calculated by using the DIFFEREALWAVE code, which is described in detail in Ref. 37 . Here we present only a brief introduction to the underlying theory. The real wavepacket propagation method is used in the calculations. This method is based on the solution of a mapped or modified form of the time-dependent Schrödinger equation, 36 
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where
Ĥ s is the Hamiltonian after it has been scaled and its origin shifted so that its eigenvalues lie between −1 and 1,
E min and E max are the lower and upper bounds to the spectrum of Ĥ . 36 In the DIFFREALWAVE code the spectrum of Ĥ is limited by applying a cutoff V max to the potential to ensure the efficiency of the computer code. 37 ͑R , r , ␥͒ is a set of Jacobi coordinates. In the calculations reported here product Jacobi coordinates are used throughout, except in the specification of the initial wavepacket. Since the problem is an initial state specified problem, reactant Jacobi coordinates are employed to construct the initial wavepacket,
with v,j being the initial vibrational-rotational wave function of the reactant. Then the initial wavepacket is transformed to product Jacobi coordinates according to the following formula:
͑6͒
For clarity, we use the superscripts a and c to denote the reactant and the product Jacobi coordinates, respectively. ⍀ and ⍀Ј are the projection quantum numbers of the total angular momentum J onto the reactant and the product bodyfixed z axes, respectively, and
͑␤͒ is a reduced Wigner rotation matrix with ␤ being the angle between the R a and R c vectors. The wavepacket is then expressed as the sum of a real and an imaginary part, = q + ip. The imaginary part of the initial wavepacket at t =0, p͑R c , r c , ␥ c , t =0͒ is needed in the first iteration step,
Subsequently, only the real part of the body-fixed wavepacket is propagated using the Chebyshev iteration procedure,
Â is a damping factor in the Chebyshev recursion which is used to absorb the wavepacket near the edges of the grid. 36 is the time step which can be set to one during the propagation.
The code is parallelized by performing the calculation for each J⍀Ј pair on a different processor. Communication between different J⍀Ј pairs is required only for the adjacent values of ⍀Ј. 37 Similar parallel strategy could also be used in the calculations of bound and resonant rovibrational states of complexes. 41 To obtain the state-to-state information a cut is taken through the real part of the wavepacket at a fixed large value of R c ͑=R ϱ c ͒. The resulting function, q͑R c = R ϱ c , r c , ␥ c , t͒, must then be expanded in terms of product vibrational-rotational eigenfunctions. The half-Fourier transform of the timedependent coefficients in this expansion gives the energydependent quantities, A v,j,⍀→v Ј ,j Ј ,⍀ Ј J ͑E͒, which are then used to calculate the S matrix elements in the space-fixed coordinate system,
.
͑10͒
The state-to-state differential and integral cross sections are then calculated using the following formulas:
The real part of the wavepacket q is composed of the sum of many wavepackets each associated with a different value of ⍀Ј. The wavepackets associated with different J⍀Ј values are independent of each other, except for the fact that those with adjacent values of ⍀Ј are coupled to each other by the Coriolis terms in the Hamiltonian operator ͓see Eq. ͑5͒ of Ref. 37͔. In the CS approximation the coupling terms are neglected, but the solution of the equations remains the same in all other respects.
III. RESULTS AND DISCUSSION
The parameters used in the calculation are similar to those used for H + H 2 , 37 and calculations are performed for J values up to J = 23 to obtain converged results. The S matrix elements are calculated for the lowest three vibrational and lowest 30 rotational states of the HD product. The calcula- tion for each J value required 2500 iteration steps. The present study employed the BKMP2 potential energy surface. 42 Figures 1 and 2 show state-to-state integral cross sections out of the v = j = 0 reactant state versus total energy in the range of 0.4-1.2 eV for different product quantum numbers. Both the full quantum and the CS calculated results are shown for comparison. Figure 1 shows the results for vЈ = 0 and jЈ =0-7, and Fig. 2 for vЈ = 1 and jЈ =0-7. From  Fig. 1͑a͒ it can be seen that for the v =0, j =0→ vЈ =0, jЈ =0 cross section, the CS results are smaller than the exact ones at total energies below 0.952 eV but are larger at higher energies. The v =0, j =0→ vЈ =0, jЈ =1 ͓Fig. 1͑b͔͒ and v =0, j =0→ vЈ =1, jЈ =0 ͓Fig. 2͑a͔͒ cross sections show a tendency to display similar behavior since the CS values get closer to the exact ones as the total energy increases. However, good agreement between the CS and the exact calculations can still be found for the v =0, j =0→ vЈ =1, jЈ = 0 and v =0, j =0→ vЈ =1, jЈ = 1 cross sections at low energies in the narrow energy range of 0.8-0.93 eV. For all the other cross sections shown in Figs. 1 and 2 it can be seen that the cross sections obtained from the full quantum treatment are consistently larger than those from the CS calculations where the Coriolis coupling is neglected. The difference between the exact and the CS approximation calculations becomes larger with increasing energy and increasing product quantum number jЈ. The calculated state-to-state integral cross sections without Coriolis coupling show more obvious peaks and dips than those computed using the exact quantum procedure. There are cases where the CS cross sections drop off after they reached their maximum values, while the cross sections computed using the exact quantum procedure display differently shaped curves ͓see the ͑1,1͒ cross section in Fig. 2͑b͔͒ . Furthermore, the relative ordering of the magnitudes of the CS approximation cross sections for different values of the product rotational quantum number jЈ is different from that obtained for the exactly computed cross sections. From Fig.  2 it can be seen that in the vЈ = 1 case, neglecting Coriolis coupling has a similar effect on the shape of the curves as in the vЈ = 0 case. This indicates that Coriolis coupling effects on the energy dependence of the state-to-state integral cross sections are qualitatively the same for both the vЈ = 0 and the vЈ = 1 cases within the presently studied energy range.
The calculated state-to-state differential cross sections versus scattering angle are shown in Fig. 3 for product quantum states vЈ =0, jЈ =0-7, at three total energies ͑0.796, 1.016, and 1.200 eV͒, while similar results are presented in Fig. 4 for product states vЈ =1, jЈ =0-7. From these figures ͓see bottom rows in Figs. 3͑a͒ and 4͑a͔͒ we note again that for the v =0, j =0→ vЈ =0, jЈ =0 ͓Fig. 3͑a͔͒, the v =0, j =0 → vЈ =0, jЈ =1 ͓Fig. 3͑b͔͒, and v =0, j =0→ vЈ =1, jЈ =0 ͓Fig. 4͑a͔͒ cross sections, the CS calculations yield cross sections which are sometimes smaller and sometimes larger than those resulting from the exact calculations. In other cases, calculations using the CS approximation yield much smaller differential cross sections distributed over a more narrow angular range, especially in the vЈ = 0 case at the two higher total energies of 1.016 and 1.200 eV, as compared to the results of the full quantum calculations. In particular, we can see from Fig. 3 that in the case of vЈ = 0 for the lowest of the three energies shown and for cross sections other than for jЈ = 2, that neglecting Coriolis coupling lowers the magnitude of the differential cross section and shifts the position of the maximum towards smaller scattering angles. These deviations from the full quantum calculated results tend to increase for higher product rotational quantum numbers. However, the differential cross sections calculated without Coriolis coupling still retain the shape and most of the features of the full quantum calculated results at this low energy for product rotational quantum numbers up to jЈ = 5. In contrast, for the two higher energies, the calculated differential cross sections without Coriolis coupling are different in shape from the full quantum calculated results. For example, the exact calculations show a substantial peak at around 43.5°for the ͑0,4͒ product state at 1.016 eV which is entirely missing in the CS calculation result. A similar observation can be made for the peaks occurring in the differential cross sections except for the quantum product ͑0,2͒ at 1.016 and 1.200 eV. Despite the observation of greater Coriolis coupling effects for higher product quantum rotational states, Fig. 4 also shows that for the vЈ = 1 product state, neglecting Coriolis coupling leads to a much smaller relative error in the calculated differential cross sections as compared to the vЈ = 0 case. Thus, the results demonstrate that the neglect of Coriolis coupling has a rather weaker effect on the differential cross sections for the vЈ = 1 state than it does on those of the vЈ = 0 state at the three energies examined. Figures 5 and 6 show the differential cross sections versus total energy for vЈ = 0 and vЈ = 1, respectively, at scattering angles of 0°, 90°, and 180°. Several remarkable observations can be made in these figures. At a scattering angle of 90°, for both vЈ = 0 and vЈ = 1, Coriolis coupling effects are found to be greater for higher product rotational states. For these cases, in particular, neglecting Coriolis coupling results in extremely small cross sections ͑almost zero in comparison with the exact quantum calculations͒ for higher product rotational quantum states jЈ =4-7. At a scattering angle of 180°, the CS calculations produce an erroneous maximum at low energy for lower product rotational quantum states jЈ =0-3 in the vЈ = 0 case. Note that the magnitude of some of the differential cross sections ͓i.e., for ͑0,5͒, ͑0,6͒, ͑0,7͒, ͑1,6͒, and ͑1,7͒ product states͔ at = 180°is very small. However, at a scattering angle of 0°, neglecting Coriolis coupling results in similarly shaped curves to those of the full quantum calculations for most product quantum states, despite the fact that this neglect lowers the magnitude of the differential cross sections. Comparison of the vЈ = 0 and vЈ = 1 cross sections at this scattering angle also reveals that Coriolis coupling affects the former more than the latter. We therefore see that the neglect of Coriolis coupling significantly influences the energy dependence of the differential cross sections and that the influence of Coriolis coupling on the energy dependence of the differential cross section is different for different scattering angles.
In nature, the rotation of the triatomic system leads to the Coriolis coupling of the ⍀Ј and ⍀Ј ± 1 states. It is therefore reasonable to anticipate that Coriolis coupling effects will become more pronounced as the rotational quantum number of the HD product molecule increases. Hence, it is not difficult to comprehend why the calculated state-to-state cross sections are very sensitive to Coriolis coupling effects in the quantum reactive scattering calculations. As can be explicitly seen in Figs. 1 and 2 , the probability of producing HD in highly excited rotational states becomes larger with increasing total energy, which accounts for the deterioration in the agreement between the CS and the full quantum calculations as the total energy increases. At these higher energies also a larger number of total angular momenta J must be included in the summations ͓see Eqs. ͑11͒ and ͑12͔͒ to achieve convergence. The reason why Coriolis coupling effects are somewhat less pronounced for the vЈ = 1 state than for the vЈ = 0 product vibrational state, as shown in the differential cross sections, lies in the lower rotational excitation of the HD͑vЈ =1͒ product as compared to HD͑vЈ =0͒ in the energy region considered in this study ͑see Figs. 1 = ␦ ⍀⍀ Ј and only ⍀Ј = 0 can contribute in the present case.
This dependence on the scattering angle as to how many ⍀Ј values contribute to the cross section determines the sensitivity of the differential cross section to Coriolis coupling effects. This explains the observation why the results at the scattering angle of 0°are less sensitive to Coriolis coupling effects than the results at the other two investigated scattering angles.
The effective potential for a particular ͑j , ⍀Ј͒ pair is ͓see Eq. ͑7͒ of Ref. 37͔
From this equation it is clear that different ͑j , ⍀Ј͒ channels are subject to different centrifugal potentials. The channels subject to the lowest centrifugal barrier corresponds to that with the largest value of ⍀Ј. In the exact calculations the different ͑j , ⍀Ј͒ channels are coupled, and the probability flux can flow into the channel with the lowest centrifugal barrier. This channel is the one which will lead to the highest reaction probability. In the CS approximation the ͑j , ⍀Ј͒ channels are decoupled from each other. This prevents the flow of probability flux to the channel with the lowest centrifugal barrier ͑and the highest reaction probability͒. This aspect of the CS approximation is the major cause of the smaller cross sections found in the CS approximation calculations.
IV. CONCLUSIONS
Quantum scattering calculations for the H + D 2 ͑v = j =0͒ → HD͑vЈ , jЈ͒ + H reaction have been performed on the BKMP2 potential energy surface to explore the extent of Coriolis coupling effects on the state-to-state dynamics of this reaction. The DIFFREALWAVE parallel code, which is based on a real Chebyshev wavepacket approach and parallelized over each ͑J , ⍀Ј͒ pair, is used in the calculations. State-to-state integral and differential cross sections are calculated for product quantum states vЈ =0,1 and jЈ =0,1-7.
The influence of Coriolis coupling on the energy and angular dependence of the state-to-state integral and differential cross sections is investigated by comparing results from full quantum calculations with those of centrifugal sudden ͑CS͒ approximation calculations in which the Coriolis coupling is neglected. The present calculations show that the CS approximation does not work well for state-to-state calculations of H + D 2 , and that the agreement between the CS and the full quantum calculations becomes worse as the total energy and the product rotational state quantum number increase. Neglecting Coriolis coupling greatly influences the dependence of the state-to-state cross sections on energy, as well as the angular dependence of the differential cross sections. Within the energy range investigated in the present work, differential cross sections producing HD͑vЈ =1͒ products show somewhat less pronounced Coriolis coupling effects than those which produce HD͑vЈ =0͒ products, while integral cross sections show similar Coriolis coupling effects for vЈ = 0 and vЈ = 1. The conclusions of the present work support those of previous studies which have found that it is important to take proper account of Coriolis coupling in reactive scattering calculations 19, [21] [22] [23] [24] [25] [26] which do not use the reactant-product decoupling approach.
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